Multivariable extensions of classic permutation cycle structure results are obtained by counting permutations by descents, idescents, imajor index, and basic components.
I. INTRODUCTION The motivation for this work is that, since enumerating permutations by basic components (for aU definitions see Section 2) is equivalenl to counting them by cycles (as is demonstraled in Section 3), the new four-variate generating function described by Ihe title provides a multivariable extension of Touchard's [15] exponential formula for permutations by cycles. As corollaries, a number of interesting generalized cycle structure results are presented in Sections 8-11. For instance, recurrence (10.6) of Section 10 simultaneously generalizes the q-Stirling numbers of Ihe first kind as studied by Gould [II] and the q-Eulerian numbers of Stanley [14 J . Also, extensions of both the derangement problem and the enumeration of involulions are considered in Section 11.
The approach used to derive the four-variate generating funclion is based on the generalized Worpitzky identity given in [12J and further developed in Section 7 of this paper. Roughly speaking, the Worpitzky idenlity provides a method for transforming a generating function for finite sequences inlo what will be referred to as a (i, q)-generating function for permutations by idescent number and imajor index. In other words, in converting from finite sequences to permutations via the Worpitzky identity, two additional statistics concerning permutations are gained. Consequently, the strategy is to first enumerate finite sequences by descent number and basic components (see desired four-va riate generat ing functio n for permut ations (see Section 8) .
Section s and 5 6), and then, using the Worpit zky identity , the derive to As in Gessel [9] , a subwor d f(k) f(k + 1) ... f(k +1~ 1) offE S(Jr) is said to be a basic compon ent of length 1off if
The inspirat ion for this paper is to be found in the work of Gessel [9] and [12] . By countin g permut ations by inversio ns and basic compon ents, Gessel (2.4b) has obtaine d a q-analo g of the expone ntial formula for permut ations by
for cycles. In [12) a slight modific ation of Foata's bijectio n [6J was used to The down set ofJE SUr) is defined as
In exampl e (2.5), bc 1= bel 1+ bc2 I + bc5 1=3.
CYCLE STRUCT URE AND THE BASIC COMPO NENT FACTOR IZATION
If #A is used to denote the cardina lity of a set A, then the descent number , major index, and inversio n number off are, respect ively, To see how cycles corresp ond to basic compon ents in the permut ation (2.2a) case, conside r the permut ation desf= # downj, "=(4 1)(7)(8 5 2 3 6)ES (8 ) [5, 8] .
Since the notion of basic components is being used to replace that of an imposed order on cycles, the terms derangement and involution need to be redefined. Classifically, a permutation a E Sen) is said to be a derangement (resp. involution) if (J has no one cycles (resp. no cycles of length greater than 2). As basic components are more generally defined on sequences, in this paper the sets specified by
are respectively referred to as the derangements and involutions of S(Jr).
PRELIMINARY IDENTITIES
The purpose of this section is to present some q-calculus identities, define certain basic polynomials, and state the solution to the Simon Newcomb problem which are all needed in the course of the study.
First, the q-analog, q-factorial, and q-binomial coefficient of a nonnegative integer n are respectively defined to be (4.la)
[n] = I + q + .. , + q,-I,
For convenience, set (t; q),
The q-analog of the exponential function is defined as 
Second, the basic polynomials that arise in the enumeration of sequences permutations by basic components are defined by In other words, the variables s, t, q, z, and Z are respectivey associated with that is, the generating function for sequences by decents is '
J~oA(Jr;s)XJ'=(I-S) (-s+ D(1-(I-S)X,)r , (4.10) where Jr> 0 means that j k>0 for I < k';;,r and, as throughout the paper, , 
In other words, the contribution of a sequencefto the left-hand side of (5. (5.4) Consequently, the strategy will be to first consider the contribution of basic components with initial letter m and then to multiply the contributions for
L<m<r.
A basic component that begins with m must be of one of the two forms m, The four corollaries of (5.1) that are derived here will be used, instead of (5.1) directly, to obtain (t, q)-generating functions for permutations in Section 8. As mentioned in the introduction, the method for transforming the generating functions for sequences of Section 6 into (t, q)-generating functions for permutations is based on a generalization of the identity " (r--k + n ') r" = f;o I n A(n, k), (7.1 ) which is known as the Worpitzky identity for the Eulerian numbers
The statement of the generalization of 1) necessitates a brief discussion of the combinatorial proof of the >rpitzky identity. As described in [12] , the bijective proof of (7.1) consists of, first, inter r" as the cardinality of the set defined by (r)" = U S(Jr) ( 
7.2)
IJrl =n then, associating to eachl E (r)" an ordered pair F(f) = (g, a) where g nondecreasing rearrangement ofI and a E S(n) tells how to reconstruct g. The pairs (g, a) give rise to the right-hand side of (7.1): ('-I ~k+") the number of nondecreasing sequences g that may be paired with a 'mutation of the set {a E Sen): ides a = k}. The two features of F that are essential for the present discussion are the map F is a bijection of (r)" onto the set leg, a): a E Sen), g(i) < g(i + I) whenever i E down a-I}, (7.3a) if F(f) = (g, 0) and k < I, then I(k) >1(1) if and only if a(k) > 0(1).
(7.3b) a complete description of F and details on (7.3) see [12] .
interesting fact about F is that much more information is preserved between sequences and permutations than is needed to prove (7.1). To make precise, a real-valued function v defined on words with integer letters is
implies that the functions des, maj, inv, bc, and bel for I ~ I are all preserved by r. (7.4) generalization of (7.1) as developed in [12] may now be stated. Let v2, v3, ... } be a set of functions preserved by F and set
where the summation in part (c) is over {a E Sen): ides a = k}. Then, generalized Worpitzky identity is ;;:;0 (t;q)n+l
Furthermore, because r preserve basic components, (7.7) holds as well in both the derangement and involution cases.
8. ApPLICATIONS TO PERMUTATION ENUMERATION Equation (7.7) is now used to convert the corollaries of Section 6 (t, g)-generating functions for permutations. Replacing r by r + I and x m ug,-m+l in identities (6.2), (6.4), (6.7), and (6.8) and then applying respectively, yields 
is the generating function for permutations by basic components and index. Since 2) is identical to the generating function for permutations by components and inversions described in Corollary (5.3) of Gessel's [9] . Therefore,
Actually, there is a much stronger result than (9.3) that holds. Namely, exists a bijection B:
all a E Sen). The map B is described in the proof of Theorem (9.1) of , _ The verification of properties (9.4), which depends on an analysis of 10"0'0'0 bijection [6] , is left to the interested reader. 
COROLLARIES OF EQUATION (h) OF (8.1)
There A trivariate generating function for A(n; s, t, q) and a recurrence for A (n; s, q, z) are now 'derived.
First, the generating function for A(n; s, t, q) will provide a partial check of the present work with the paper of Garsia and Gessel [7] . Setting z = 1 and replacing u by u ( 1 --s (10.3 Letting A(u) denote the left-hand side of (10.3), it follows that
Identity (1004) may be rewritten as
1--q u
Making use of (4.6) and then equating coefficients of u" in (10. as studied by Gould [11] . Of course, in the case q = 1 Eq. (10.8) reduces to the classic identity for the Stirling numbers. As a second special case of (10.6), the generating function for A(n; s, q) may be obtained as follows. It is not difficult to verify that the q-derivative of the function be remarked that, in counting permutations by descents and Stanley [141 obtained a generating function for the q-Eulerian that is identical to (10.11) . This is not surprising in view of (904). 
where D(O; s, q, z) = 1(0; s, q, z) = 1 may he respectively derived from (c) and (d) of (8.1) in exactly the same way (10.6) was ohtained from (h) of (8.1). Recurrence (11.1b) already closely resembles the classic recurrence for involutions. To obtain something that looks like the classic recurrence for derangements from (ILIa) set s= 1. Then (11.1a) reduces to (11.2) D(n + 1; q, z) = q[n] D(n; q, z) + zq[n ] D(n -1; q, z).
Equation (11.2) is somewhat similar to the recurrence for the q-derangement problem solved by Garsia and Remmel [8] . Although Garsia and Remmel ohtained a q-analog by counting by inversions instead of imajor index, the real difference lies in the fact that they imposed a different order on the cycles of the permutation.
